arXiv:1506.02607v3 [math.GR] 9 Oct 2015 


GENERIC STABILISERS FOR ACTIONS OF REDUCTIVE GROUPS 


BENJAMIN MARTIN 
In memory of Robert Steinberg 


Abstract. Let G be a reductive algebraic group over an algebraically closed field and let 
E be a quasi-projective G-variety. We prove that the set of points v £V such that dim(G^) 
is minimal and Gy is reductive is open. We also prove some results on the existence of 
principal stabilisers in an appropriate sense. 


1. Introduction 

Let G be a reductive linear algebraic group over an algebraically closed field k and let V 
be a quasi-projective G-variety. For convenience, we assume throughout the paper that G 
permutes the irreducible components of V transitively (the extension of our results to the 
general case is straightforward). An important question in geometric invariant theory is the 
following: what can we say about generic stabilisers for the G-action? For instance, given 
n G U, what does the stabiliser Gy tell us about the stabilisers G^ for w near v? Define Vq 
to be the set of points v G V such that the stabiliser Gy has minimal dimension. The basic 
theory tells us that Vq is open fLemma 12.ip . Here is a deeper result [6l Prop. 8.6]: if V is 
affine and there exists an etale slice through v for the G-action then there exists an open 
neighbourhood U of n such that for all w E U, Gy, is conjugate to a subgroup of Gy. In 
particular, if dim(G^) is minimal in this case then G^ is conjugate to G° for all w E U. The 
existence of an etale slice requires, among other conditions, that V be affine and the orbit 
G • n be closed and separable. If V is affine and k has characteristic 0 then every v E V 
such that G • n is closed admits an etale slice, but if k has positive characteristic then it can 
happen that there are no etale slices at all, since, for example, orbits need not be separable. 

In this paper we prove some results about properties of generic stabilisers. Most previous 
work in this area has dealt with affine varieties and/or fields of characteristic zero only. Our 
results hold for quasi-projective varieties and in arbitrary characteristic, although in some 
cases we get stronger results in characteristic zero. We need no assumptions on the existence 
of or properties of closed orbits, and we allow G to be non-connected. 

Let Ued = {n G Vb I G^ is reductive}. It is possible for V/ed to be empty (see Example I8.2p . 
Our first main result implies that if V/ed is nonempty then generic stabilisers are reductive. 

Theorem 1.1. Ued is an open subvariety ofV. 

A key ingredient in the proof is the Projective Extension Theorem (see Lemma [3.Ij) . 
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We mention two related results. First, it follows from [HI Cor. 9.1.2] that if G is a 
complex linear algebraic group—not necessarily reductive—and C is a smooth algebraic 
transformation space for G then V^eA is open. Second, V. Popov proved the following [15] 

(cf. [H]). Let G be a connected linear algebraic group—not necessarily reductive, and in 
arbitrary characteristic—such that G has no nontrivial characters, and let V be an irreducible 
normal algebraic variety on which G acts such that the divisor class group Cl(ld) has no 
elements of infinite order. Then generic orbits G-orbits on V are closed if generic G-orbits 
on V are affine, and the converse also holds if V is affine. 

Richardson proved that if G is reductive and V is an affine G-variety then an orbit G • v 
is affine if and only if the stabiliser Gy is reductive m Thm. A]. Suppose V is affine and 
there exists a closed orbit G • u of maximum dimension; then the union of the closed orbits 
of maximal dimension is open in V [T^ Prop. 3.8]. It follows from Richardson’s result that 
there is an open dense set of points v E V such that G^ is reductive. Theorem 11.11 extends 
this to the case when generic orbits are not closed, without the affineness assumption. 

Richardson’s result discussed above gives the following immediate corollary to Theorem ll.il 
(note that G^ has minimal dimension if and only if the orbit G-v has maximum dimension). 

Corollary 1.2. Suppose V is affine. Then the set v E V such that dim(G • v) is maximal 
and G ■ V is affine is open. 

We give an application of Theorem 11.11 Nisnevic [TT] proved the following result when 
char(fc) = 0 and t = 10; he also proved that the subset A is nonempty in this special case. 

Theorem 1.3. Let M, Hi,..., Ht be subgroups of a reductive group G such that M is reduc¬ 
tive. Let 

A = {{gi,..., gt) E G^ | M fl giHigf^ fl ■ ■ ■ fl gtHtgf^ is reductive and has minimal dimension}. 
Then A is open. 

We do not know in general whether A can be empty in positive characteristic, not even when 
t = 1 and Hi = M. 

If generic stabilisers are reductive, it is reasonable to try to pin down which reductive 
subgroups of G actually appear as stabilisers. We say that a subgroup iL of G is a principal 
stabiliser for the G-variety V if there is a nonempty open subset O of R such that G^ 
is conjugate to H for all u E O. We then say that V has a principal orbit type. Under 
our assumptions on G and V, a principal stabiliser is unique up to conjugacy if it exists. 
Richardson proved that if char(fc) = 0 and V is smooth and affine then a principal stabiliser 
exists [ITJ Prop. 5.3]. 

It turns out that in positive characteristic, the condition of conjugacy of the stabilisers 
is too strong: Example 18.31 below shows that even if generic stabilisers are connected and 
reductive, a principal stabiliser need not exist. To obtain a result, we need to weaken the 
notion of principal stabiliser. Let M < G and let P be a minimal R-parabolic subgroup of G 
containing M (see Section [2] for the dehnition of R-parabolic subgroups), let L be an R-Levi 
subgroup of P and let ttl: P —)■ L be the canonical projection. It can be shown that up to 
G-conjugacy, 71l{M) does not depend on the choice of P and L (cf. [S] Prop. 5.14(i)]). We 
dehne V{M) to be the conjugacy class G-7ii{M), and we call this the G-completely reducible 

^Wallach also has a proof in this case [28] . 
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degeneration of M (see Section 0] for the definition of G-complete redncibility). Our second 
main result says that the V{Gv) are equal for generic v. 

Theorem 1.4. There exist a G-completely reducible subgroup H of G and a nonempty open 
subset O of V such that V{Gv) = G ■ H for all v E O. 

If G is connected and every stabiliser is unipotent then = 1 for all n G Id, so 

we don’t learn much about the structure of the stabilisers. Under some extra hypotheses, 
however, we can deduce the existence of a principal stabiliser. 


Corollary 1.5. Suppose there is a nonempty open subset O ofV such that G^ is G-completely 
reducible for all v E O. Then the subgroup H from TheoremU.fl is a principal stabiliser for 
V. 


Corollary 1.6. Suppose char(fc) = 0 and Ued is nonempty. 
Theorem\1.4\ is a principal stabiliser for V. 


Then the subgroup H from 


If we restrict ourselves to the identity components of stabilisers then we get slightly 
stronger results. 


Theorem 1.7. Suppose Ued is nonempty. There exists a connected G-completely reducible 
subgroup H of G such that T>{G^) = G ■ H for all v E Ked- 

In fact, we prove a version of Theorem 11.71 which applies even when Ued is empty (see 
Theorem 17.6p . 

We briefly explain our approach to the proof of Theorems II. di and ll. 71 We may regard the 
subgroups as a family of subgroups of G parametrised by V. There is no obvious way to 
endow a set of subgroups of G with a geometric structure, so instead we follow the approach 
of R.W. Richardson [16], [20] and consider the set of tuples that generate these subgroups. 

Definition 1.8. Let N E N. Dehne G = Gn = {{v, gi, - ■ ■, gN) \ v E V, gi,..., gN G Gy}. 
We call G the stabiliser variety of V. 

Our results follow from a study of the geometry of C, using the theory of character varieties 
and the theory of G-complete redncibility. A major technical problem is that G can be 
reducible even when G is connected and V is irreducible, so the projection into U of a 
nonempty open subset of G need not be dense (see Remarks 17.91 and 17.131 for example). The 
situation is better if we consider only the identity components of stabilisers: we can work 
with a canonically dehned subvariety G of G with nicer properties (see Lemma [7.ip . 

The paper is laid out as follows. Section |2] contains preliminary material. In Section [3] we 
prove Theorems 11.11 and 11.31 Section 01 reviews G-complete redncibility and Section 0] intro¬ 
duces a technical tool needed in Section (6] where we prove Theorem 11.41 and Corollaries 11.51 
and 11.61 We study the irreducible components of G in Section [7| and prove Theorem 11.71 
The hnal section contains some examples. 


2. Preliminaries 

Throughout the paper, N denotes a positive integer, G is a reductive linear algebraic 
group—possibly non-connected—over an algebraically closed held k and U is a quasi-projective 
G-variety over k. The stabiliser variety G^ depends on the choice of N, but to ease notation 
we suppress the subscript and write just G. All subgroups of G are assumed to be closed. If 
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H is a. linear algebraic group then we write k{H) for the number of connected components of 
H, Ru{H) for the unipotent radical of H and an for the canonical projection H —)■ H/Ru{H). 
The irreducible components of are the subsets of the form Hi x ■ ■ ■ x H^, where each 
Hi is a connected component of H. If X' is a subset of a variety X then we denote the 
closure of X' in X by X'. Below we will use the following results on fibres of morphisms (cf. 
in AG.10.1 Thm.]): if / : X —>■ X is a dominant morphism of irreducible quasi-projective 
varieties then for all y E Y, every irreducible component of f~^{y) has dimension at least 
dim(A) — dim(y), and there is a nonempty open subset U of Y such that if y E U then 
equality holds. More generally, if Z is a closed irreducible subset of Y and W is an irreducible 
component of f~^{Z) that dominates Z then dim(IT) > dim(Z) + dim(X) — dim(y). 

The next result is [131 Lem. 3.7]. 

Lemma 2.1. Let a linear algebraic group H act on a guasi-projective variety W. For any 
t eNU {0}, the set {w eW \ dim(i7^) > t} is closed. 

Our assumption that G permutes the irreducible components of V transitively implies 
that these components all have the same dimension, which we denote by n, and also that 
nonempty open G-stable subsets of V are dense. In particular, the open subset Vq is dense; 
we denote the dimension of for any n G Vq by r. 

The group G acts on G^ by simultaneous conjugation: g-{gi ,..., gN) = ■ ■ ■, ggNg~^)- 

We dehne (j): G ^ G^ and p: G —)■ G to be the canonical projections. We allow G to act 
on G in the obvious way, so that 0 and y are G-equivariant. 

We recall an approach to parabolic subgroups and Levi subgroups using cocharacters |25l 
Sec. 8.4], in Lem. 2.4, Sec. 6]. We denote by Y (G) the set of cocharacters of G. The subgroup 
Px ■= {g E G \ hma_,.o A(a)5fA(a)“^ exists} is called an R-parabolic subgroup of G, and the 
subset Lx := Gci^ik*)) is called an R-Levi subgroup of Px- An R-parabolic subgroup P is 
parabolic in the sense that G/P is complete, and is a parabolic subgroup of G°. If G is 
connected then an R-parabolic (resp. R-Levi) subgroup is a parabolic (resp. Levi) subgroup, 
and every parabolic subgroup P and every Levi subgroup L of P arise in this way. The 
normaliser Ng{P) of a parabolic subgroup P of G° is an R-parabolic subgroup. The subset 
{g E G \ lima^o A(a)5fA(a)“^ = 1} is the unipotent radical Ru{Px), and this coincides with 
Ru{Px)- We denote the canonical projection from Px to Lx by cx- There are only hnitely 
many conjugacy classes of R-parabolic subgroups [121 Prop. 5.2(e)]. 

We hnish with some results that are well known; we give proofs here as we could not hnd 
any in the literature. These results are not needed in the proofs of Theorems 11.11 and 11.31 

Lemma 2.2. Let 'ip\ X -E- Y be a morphism of guasi-projective varieties over k. There 
exists d eN such that any fibre of ^|J has at most d irreducible components. 

Proof. By noetherian induction on closed subsets of X and R, we are free to pass to open 
affine subvarieties of X and Y whenever this is convenient. So assume that X, Y are affine 
and let R, S be the co-ordinate rings of X, R respectively. Suppose first that X and R 
are irreducible and that is finite and dominant. By a simple induction argument, we can 
assume that R = S')/] for some f E R. Let m(t) = + ad-it'^~^ oq be the minimal 

polynomial of / with respect to the quotient field of S. Passing to open subvarieties, we can 
assume that the a* are dehned on R. Let y E Y. If x G X with = y then we have 
f{xY ad-i{y) f {xY~^ + • • • -|- ao{y) = 0; it follows that there can be at most d such values 
of X. Thus the hbres of have cardinality at most d. 
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Now consider the general case. Passing to open subvarieties, we can assume that X, Y 
are irreducible and affine and that 'ijj is dominant. We can write R = S[fi,..., ft] for some 
t and some /i,..., /* G i?. After reordering the ft if necessary, there exists s with 0 < s < f 
such that fi,..., fs are algebraically independent over S and fs+i, ■■■, ft are algebraic over 
S[fi,..., fs]. The inclusion S C S[fi, ■ ■ ■, fs] ^ R corresponds to a factorisation of as 

if = X ^ Y' Y, where Y' is the affine variety with co-ordinate ring S'[/i,..., /^j. Then 
dim(X) = dim(y') and if' is dominant. By passing to open affine subvarieties, we can 
assume that if' is hnite and Y' is normal. By the special case above, the cardinality of the 
fibres of if' is bounded by some d. 

Suppose that for some y E Y, the fibre F := if~^{y) has d + 1 distinct irreducible com¬ 
ponents, say Fi,... yFd+i- The hbre F' := g~^{y) is clearly isomorphic to and we have 
F = {if')~^{F'). Since if' is hnite and Y' is normal, every irreducible component of F has 
dimension s and is mapped surjectively to F' [HI 4.2 Prop. (b)]. But this means that for 
generic y' G F', {if')~^{ij') has at least d + 1 elements, a contradiction. We deduce that F 
has at most d irreducible components, as required. □ 

Definition 2.3. Applying Lemma to the map y: C ^ V, we see there is a uniform bound 
on k{Gv) as v ranges over the elements of V, since the number of irreducible components of 
is K,{Gy)^. We denote the least such bound by 0. 

Lemma 2.4. Let Ll/k be a proper extension of algebraically closed fields. Let t E N and 
let X be an fl-defined constructible subset of Ltf. Let {Xj \ i E 1} be a family of k-defined 
constructible subsets of Llf such that X C Then there exists i E I such that X fl Xj 

has nonempty interior in X. Moreover, there exists a finite subset F of I such that X C 

Proof. Clearly we can reduce to the case when X and each of the Xj is irreducible and locally 
closed in hlL The second assertion follows from the hrst by Noetherian induction on closed 
subsets of X, so it is enough to prove the hrst assertion. Let m = dim(X). It suffices to 
show that dim(X fl Xj) = m for some i E F We use induction on m. The result is trivial 
if m = 0. Choose polynomials fi,...,fm ^ h[Ti,... ,Tt] such that the restrictions of the /* 
to X form a subset of the co-ordinate ring r2[X] that is algebraically independent over hi. 
Dehne /: —)■ by f{x) = {fi{x),..., fm{x)); note that / is fc-dehned. Any proper closed 

subset of X is a union of irreducible components of dimension less than m. By induction, 
we are therefore free to replace X with any nonempty open subset of X, so we can assume 
that f\x gives a hnite map from X onto an open subset of LL". Then /(X) C 
and each /(Xj) is fc-constructible. It is enough to prove that /(X) fl /(Xj) has nonempty 
interior in /(X). Hence we can assume without loss that t = m and X is an open subset of 
OF. 

Let TT: VF ^ hi be the projection onto the hrst co-ordinate. Since X is an open and dense 
subset of VF, 7r(X) is a dense constructible subset of hi, so r2\7r(X) is hnite. Hence there 
exists y E vr(X) such that y ^ k. Let X = X fl 7t~^{y). Then X is an hl-dehned locally 
closed subset of X is irreducible of dimension m — 1 and X C Xj. By induction, 
there exists j E I such that X ClXj has an irreducible component of dimension m — 1. Hence 
7r“^(l/) nXj has an irreducible component of dimension at least m — 1. Note that we retain 
our assumption that the Xj are irreducible. Now Xj cannot be contained in 7r~^{y) because 
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TT ^{y) has no fc-points, so vr ^{y) OXj is a proper closed subset of Xj. Hence dini(Xj) = m, 
as required. □ 

Corollary 2.5. Let H be an uncountable algebraically closed field. Lett G N and let X be an 
Ll-defined constructible subset ofVL. Let {Xi \ i ^ 1} be a countable family of Ll-constructible 
subsets of X such that X C Xi. Then there exists i G I such that Xi has nonempty 
interior in X. Moreover, there exists a finite subset F of I such that X C 

Proof. Each of the Xi is dehned over a subheld of H that is hnitely generated over the 
algebraic closure of the prime held, so there exists a countable subheld k of fl such that each 
of the Xi is dehned over k. Since k is countable and H is not, Ll/k is a. proper held extension. 
Now apply Lemma 12.41 □ 

Corollary 2.6. If X is irreducible and the Xi are closed in Corollarv \2.5\ then there exists 
i & I such that X C Xj. 

Proof. This is immediate from Corollary 12.51 □ 

3. Proof of Theorem 11.11 
We now prove our hrst main result. 

Lemma 3.1. Let X be a quasi-projective variety, let Y be a projective variety and let Z be 
a closed subvariety of X xY. Then the projection of Z onto X is a closed variety. 

Proof. Choose a covering of X by open affine subvarieties Xi,... ,Xm- A subset S' of X 
(resp. X X X) is closed if and only if its intersection with Xj (resp. Xj fl Y) is closed for all 
i, so we can assume that X is affine. The result now follows from the Projective Extension 
Theorem |71 Ch. 8, Sec. 5, Thm. 6]. □ 

Lemma 3.2. Let P be an R-parabolic subgroup of G and let W be a closed P-stable subset 
of V. Then G - W is closed in V. 

Proof. Set D = {{v,g) e V x G \ g~^ ■ v G W}, a closed subvariety of P x G. We let P 
act on P X G hy h ■ {v,g) = {v,gh~^)] then D is P-stable as W is. Let Tip: G ^ G/P be 
the canonical projection and dehne 9:VxG^Vx G/P by 6{v,g) = {v,'Kp{g)). Since Tip 
is smooth. Tip is hat, so {6,V x G/P) is a geometric quotient by O Lem. 5.9(a)]. Then 6 
takes closed P-stable subvarieties of P x G to closed subvarieties of P x G/P, so 0{D) is a 
closed subvariety of P x G/P. Note that the projection of 0{D) onto P is G- W. Lemma IXTl 
implies that G • IP is closed in P, so we are done. □ 

Remark 3.3. We record one corollary (cf. [2ll Prop. 27]). Recall that G acts on G^ by 
simultaneous conjugation. Let P be an R-parabolic subgroup of G. Then G ■ P^ is closed 
in G^. This follows immediately from Lemma [3.21 taking P = G^ and W = P^. 

Proposition 3.4. Let P be an R-parabolic subgroup of G with unipotent radical Lf. Set 
Pp = {n G Vo I dim(P^) = r} = {n G Vq | G° < P} and Vp^t = {v E Vp \ dim(Pu) > t}. 
Then G ■ Vp^t is closed in Vq for each t. 

Proof. This follows from Lemma [32] (applied to Pq), as each Vp^t is P-stable and closed in 
Po [Lemma l2.ip . □ 
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Proof of Theorem \l.l[ We show that Gy is non-reductive if and only if n G \JpG-Vp^i^ where 
the union is over a set of representatives of the conjugacy classes of R-parabolic subgroups 
of G. Since there are only hnitely many R-parabolic subgroups up to conjugacy and each 
subset G ■ Vp^i is closed in Vq fProposition 13.dp . this suffices to prove the theorem. 

If n G G • Vp^i — say, g-v E Vp^i — then G° < g~^Pg and G° contains a positive-dimensional 
subgroup M of g~^Ug = Ru{g~^Pg), so G° is not reductive: for G° normalises the con¬ 
nected unipotent subgroup of g~^Ug generated by the G°-conjugates of M. Hence Gy is not 
reductive, either. Conversely, if v G Vq and Gy has nontrivial unipotent radical H then we 
can pick a minimal R-parabolic subgroup P of G containing Gy] then H < Ru{P) (see the 
paragraph following Lemma [4.ip . so n G G ■ Vp^i. The result now follows. □ 

Remark 3.5. More generally, set V{t) = {v eVq\ dim(P„(G^)) > t}. A similar argument to 
the one above shows that V(t) = IJp G ■ Vp^t, where the union is over a set of representatives 
of the conjugacy classes of R-parabolic subgroups of G, so V(t) is closed. In particular, 
dehne 14iin = G Vq | dim(Pt((G^)) is minimal}; then 14iin is a nonempty open subset of 
Vo- Note that 14iin = K-ed if Ked is nonempty. 

We hnish the section with the proof of Theorem 11.31 Each coset space G/Pj is quasi- 
projective, and the reductive group M acts on G/Hi by left multiplication. Let V = G/Hi x 
••• X G/Ht, with M acting on V by the product action. For any {gi,...,gt) G G*, the 
stabiliser is equal to M fl giHigf^ fl ■ ■ ■ fl gtHtgf^. Hence the set A equals the 

preimage of V}ed under the map from G* to V that sends (^fi,..., g/) to {giHi, ..., gtHt). But 
Fred is open by Theorem 11.11 so A is open. This completes the proof. 

Remark 3.6. In the set-up in the proof of Theorem 1 1.31 we do not know whether the subgroups 
MngiHigf^P- ■ -ngtHtg//^ are all conjugate for generic (^^i ,... ,gt). This is the case, however, 
if these subgroups are G-completely reducible for generic {gi, ■ ■ ■ ,gt) (cf. Example 18.4p . 

4. G-complete reducibility and orbits oe tuples 

Let P be a subgroup of G. We say that P is G-completely reducible (G-cr) if whenever 
P is contained in an R-parabolic subgroup P of G, there is an R-Levi subgroup L of P 
such that P is contained in L. This notion is due to Serre [23]; see [22] and [21] for more 
details. In particular, we say that P is G-irreducible (G-ir) if P is not contained in any 
proper R-parabolic subgroup of G at all; then P is G-cr. A G-cr subgroup of G is reductive 
(cf. [21 Sec. 2.5 and Thm. 3.1]), and the converse holds in characteristic 0. A linearly 
reductive subgroup is G-cr, while a nontrivial unipotent subgroup of G° is never G-cr. A 
normal subgroup of a G-cr subgroup is G-cr [21 Thm. 3.10]. We denote by C(G)cr the set of 
conjugacy classes of G-cr subgroups of G. 

Lemma 4.1. C(G)cr is countable. 

Proof. Let F be the algebraic closure of the prime held. Then G has an P-structure, by [T2l 
Prop. 3.2]. By [121 Thm. 10.3] and [21 Thm. 3.1], any G-cr subgroup of G is G-conjugate 
to an P-dehned subgroup. But G(P) has only countably many G(P)-conjugacy classes of 
G(P)-cr subgroups since P is countable. The result follows. □ 

Let P be a subgroup of G. Let P = Pa be minimal amongst the R-parabolic subgroups 
of G that contain P. Then c\{H) is an Lx-ir subgroup of Lx (see the proof of [3l Prop. 
5.14(i)]), so cx{H) is G-cr. As observed in Section [H cx{H) does not depend on the choice 
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of A up to conjugacy, and we set T>{H) = G ■ c\{H). We have T>{H) = G ■ H '\i and only 
if c\{H) is conjugate to H if and only if H is G-cr [3l Prop. 5.14(i)]. For any fi G Y{G) 
such that H < if H is G-cr then Cn{H) is conjugate to H, and if c^{H) is G-ir then 
= G, so H = c^{H) is G-ir. Since C\{H) is reductive, Ru{H) < Ru{P\) and H is 
reductive if and only if P fl Ru{P\) is hnite if and only if dim(P) = dim(cA(P)). Moreover, 
dim(GG'(P)) < dim(GG'(cA(P))), with equality if and only if H is G-cr [31 Thm. 5.8(ii)], and 
dim(cA(P)) = dim(P) — dim(P^i(P)). If M < P and ani^M) = H/Ru{H) then V{M) = 
V(H). 

If char(fc) = 0 then P has a Levi subgroup M by [H VIII, Thm. 4.3]: that is, P has a 
reductive subgroup M such that H = M v. Ru{H). Then c\{H) = c\{M) is conjugate to M, 
since M is G-cr, so T>{H) = G ■ M. 

The paper [2] laid out an approach to the theory of G-compIete reducibility using geometric 
invariant theory; we briefly review this now. As described in Section [H the idea is to study 
subgroups of G indirectly by looking instead at generating tuples for subgroups. Given s G N 
and g = {gi,... ^Qs) G G®, we denote by ^(g) or ..., Qs) the closed subgroup generated 
by ( 7 i,..., Qs- If P is of the form ... ,gs) for some gi,..., gg E G then we say that P is 
topologically finitely generated, and we call g a generating s-tuple or generating tuple for P. 
The structure of the set of generating s-tuples is complicated; for instance, if H = k* and 
k is solid iDehnition 14. 2 p then both {h G P^ | ^(h) = P} and {h G P^ | ^(h) ^ P} are 
dense in P^, even when s = 1. 

Recall that G acts on G^ by simultaneous conjugation. We call the quotient space G^/G 
a character variety and we denote the canonical projection from G^ to G^/G by ttc. If 
A G V(G) then we abuse notation and denote the map c\ x ■ ■ ■ x c\: Pfi^ —)• by ca. We 
have 7rG(g) = vrG(cA(g)) and ^(cA(g)) = CA(^(g)) for all g e Pjfi. If g G Pjfi and g' G P^ 
such that G • CA(g) and G • c\'{g') are closed then 7rG(g) = 7rG'(g') if and only if CA(g) and 
CA'(g') are conjugate (see [131 Cor. 3.5.2]). In particular, if G ■ g' is closed then we can take 
A' = 0, so 7rG(g) = 7rG'(g') if and only if CA(g) is conjugate to g'. 

We need a condition on the held to ensure that reductive groups are topologically hnitely 
generated. 

Definition 4.2. An algebraically closed held is solid if either it has characteristic 0 or it has 
characteristic p > 0 and is transcendental over Fp. 

The next result allows us to understand subgroups of G by studying generating tuples; 
several of the results stated above for subgroups have equivalent formulations given for tuples 
below. 

Proposition 4.3. [121 Lem. 9.2]. Suppose k is solid. Let H be a reductive algebraic group 
and suppose that N > k{H) -|- 1. Then there exists h G such that ^(h) = P. 

Proposition 14.31 fails if k = F^: for then any topologically hnitely generated subgroup of 
G is hnite. This is the reason for some of the technical complexity in what follows. We 
can, however, formulate the results of this section for arbitrary k: for example, by using the 
notion of a “generic tuple” [U Defn. 5.4]. Even when k is solid, non-reductive subgroups 
need not be topologically hnitely generated (for example, a topologically hnitely generated 
subgroup of a unipotent group in positive characteristic is hnite). This is why we need to 
work with P/P„(P) rather than just P in Dehnition l5.ll 

The next result is [21 Cor. 3.7]. 







Theorem 4.4. Let g G . Then the orbit G ■ g is closed if and only if G{g) is G-cr. 

Let if be a reductive subgroup of G. The inclusion of in G^ gives rise to a morphism 
H^/H —)■ G^/G, given by \b§(7r/f(h)) = 7rG(h) for h G . The next result is |T2l 
Thm. 1.1], 

Theorem 4.5. The morphism is finite. In particular, /H) is closed in G^/G. 

Remark 4.6. (i) The set (G^)ir := {g G G^ \ ^(g) is G-ir} is open; this was proved in [121 
Cor. 8.4] but it also follows from Remark 13.31 

(ii) Suppose V is irreducible, N > 2 and there exists u G Vq such that is G-ir. Then 
0“^((G^)ir) is a nonempty open G-stable subset of G by (i), and it follows from arguments 
in Section [7] that 7]{(()~^{{G^)ir)) is a dense subset of V (cf. Remark 17.91) . This means 
that generic stabilisers are “large” in the sense of not being contained in any proper R- 
parabolic subgroup of G. On the other hand, we can interpret Lemma 12.11 as saying that 
generic stabilisers are “small”. This special case illustrates the tension between largeness 
and smallness, from which several of our results spring. 

5. The partial order ^ 

In this section we introduce a technical tool which we need for the proof of Theorem 11.41 
For simplicity, we assume throughout the section that k is solid; see Remark 15.141 for a 
discussion of arbitrary k. 

Definition 5.1. Let if, M be subgroups of G. We dehne G ■ if ^ G • M if there exist s G N, 
h G and m G such that aniGO^)) = H/Ru{H) and 7rG(m) = 7rG(h). (It is clear that 
this does not depend on the choice of subgroup in the conjugacy classes G ■ if and G ■ M.) 
We dehne G-H^G-M if G-H^G-M and G-H^G-M. 

Lemma 5.2. Let H, M < G. Then G ■ H ^ G ■ M if and only if'D{H) ^ T)[M). 

Proof. Pick A, p G T(G) such that H < Px, cx{H) is G-cr, M < and c^{M) is G-cr. Since 
P(if) = G • cx{H) and T){M) = G ■ it is enough to show that G ■ if ^ G ■ M if and 

only if G • cx{H) ^ G • c^(M). 

So suppose G ■ H ^ G • M. There exist s G N, m = (mi,... ,ms) G and h = 
{hi,..., hs) G if® such that aniGiii)) = H/Ru{H) and ^^(m) = 7rG(h). Then c^(m) G 
cAMY and 7rG(cu(m)) = 7rG(c\(h)). Now cx{H) is reductive, so cxiRJH)) = 1. It follows 
that ^(cA(h)) = CA(^(h)) = cx{H). This shows that G • cx{H) < G ■ c^M). 

Conversely, suppose G • cx{H) A G ■ c^(M). There exist s G M, y = {yi,... ,ys) G cA^y 
and X = (xi,...,Xs) G cx{Hy such that ^(x) = cx{H) and ^^(y) = ^^(x). The maps 
ex', if® cx{Hy and c^: M® —)■ cAMY are surjective, so there exist h = (hi ,... ,hs) G if® 
and m = (mi,..., m^) G M® such that CA(h) = x and c^(m) = y. 

As cx{H) is reductive, Ru{H) < RAP\)- As {Ru{P\)r\Hy is a connected normal unipotent 
subgroup of if, we must have {Ru{P\) H if)° < Ru{H), and it follows that {Ru{P\) H if)° = 
Ru{H). Choose h^+i,..., hs+t £ Ru{P\) H if such that the an {hi) fors-|-l<i<s-f 
t generate the hnite group {RAPx) L\ H)/RAP)- ^^t h' = {hi,... ,hs,ha+i, ■ ■ ■ ,hs^t) ^ 
ifs+t, yj ^ (ail,..., Xs, 1,..., 1) G Cx{Hy~^^, m' = (mi,..., m^, !,...,!) G M®+* and y' = 
{yi, ...,ys,l,...,l) G c^(M)®+*. Then Ca(Ii') = x' and c^(m') = y'; moreover, ^//(^(h')) = 
H/RAH) by construction. 
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To finish, it is enough to show that 7rG'(x') = 7rG'(yO- As 7rG(x) = 7rG(y) and ^(x) = c\{H) 
is G-cr, there exists v G Y{G) such that ^(y) < Py and Cy{y) is conjugate to x. It is then 
immediate that ^(y') < Py and Cy{y') is conjugate to x'. Hence 7rG(x') = 7rG(y'), as 
required. □ 

Lemma 5.3. Let H,M < G. Suppose that H is G-cr. Then G ■ H ^ 'D(M) if and only if 
G ■ H ^ G ■ M if and only if there exist A G H (G) and Mi < P^f] M such that c\{Mi) is 
conjugate to PI. 

Proof. The hrst equivalence follows from Lemma 15.21 We prove the second equivalence. As 
p[ is G-cr, H is reductive. Suppose G ■ H ^ G ■ M. There exist s G N, h G and 
m G such that ^(h) = H and 7rG'(m) = 7rG'(h). Set Mi = ^(m). As iL = ^(h) is 
G-cr, there exist A G Y{G) and g E G such that Mi < P\ and CA(m) = ■ h. Then 

Ca(Mi) = CA(^(m)) = ^(cA(m)) = g{g ■ h) = gg{\i)g-^ = gHg-^, as required. 

Conversely, suppose there exist A G T(G) and Mi < PxOM such that ca(Mi) is conjugate 
to H. Pick s > k{H) -|- 1. By Proposition 14.31 there exists h G such that ^(h) = H. We 
can pick m G Mf such that CA(m) is conjugate to h. Then 7rG'(m) = 7rG'(cA(m)) = 7rG(h), 
so G ■ H ^ G ■ M, and we are done. □ 

Lemma 5.4. Let H,M,K <G. IfG-H^G-MandG-M^G-K then G-H ^G-K. 

Proof. Suppose G ■ H :< G ■ M and G ■ M :< G ■ K. By Lemma 15.21 we can assume H, M 
and K are G-cr. By Lemma 13751 there exist A G Y{G) and Ki < Px OK such that ca(A'i) is 
conjugate to M. Replacing (iC, A) with a conjugate of (iP, A) if necessary, we can assume that 
Ca(A"i) = M. Pick s G N, h G and m G such that ^(h) = H and 7rG(h) = 7rG'(m). 
There exists k G such that CA(k) = m. Then 7rG'(k) = 7rG'(cA(k)) = 7rG'(m) = 7rG'(h), so 
G-H^G-K. □ 

If H and M are subgroups of G and H is conjugate to a subgroup of M then G-H ^ G-M 
(and so P{H) ^ P{M) by Lemma f5.2p : in particular, G-H :< G ■ H. For without loss we 
can assume that H < M, and if we take s > k{H/Ru{H)) + 1 then by Proposition 14.31 we 
can choose m = h G such that Q;H(h) generates the reductive group H/Ru{H). The 
following example shows that the converse is false, even when H and M are G-cr. 

Example 5.5. Let char(/c) = 2, let G = SL8(/c) and let M be PGL 3 (A;) embedded in G 
via the adjoint representation on Lie(M) = fc®. Since Lie(M) is a simple M-module, M is 
G-cr (in fact, G-ir). It follows from elementary representation-theoretic arguments that M 
contains exactly two subgroups of type Ai up to M-conjugacy: the derived group Hi of a 
Levi subgroup of a rank 1 parabolic subgroup of M, and the image H 2 of SL 2 (A;) under the 
map SL 2 (fc) —)■ SL 3 (fc) —)■ M, where the hrst arrow is the adjoint representation of SL 2 (A;) 
and the second is the canonical projection. It is easily checked that Hi is M-cr but H 2 is 
not: in fact, there exists A G Y{M) such that Cx{H 2 ) = Hi. 

Now Hi is not G-cr because Lie(iLi) is an iPi-stable submodule of Lie(M) and Hi does not 
act completely reducibly on Lie(Tri). Choose pi eY (G) such that Hi < P^ and H := c^(iPi) 
is G-cr. We have G ■ Hi < G ■ M as Hi < M, so G ■ H ^ G ■ M by Lemma 15.21 We claim 
that H is not G-conjugate to a subgroup of M. First, H is not G-conjugate to Hi because 
H is G-cr but Hi is not. If H is G-conjugate to H 2 then H 2 is G-cr, so Hi = cx{H 2 ) is 
G-conjugate to H 2 ] but then H is G-conjugate to ifi, a contradiction. This proves the claim. 

We do, however, have the following result. 
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Lemma 5.6. LetH,M <G. IfG-H^G-MandG-M^G-H thenV{H) = V{M). In 
particular, if H and M are G-cr then G ■ H = G ■ M. 

Proof. By Lemma 15.21 we can assume H and M are G-cr; in particular, H and M are 
reductive. By Lemma ESI there exist A G Y{G) and Mi < Px O M such that c\{Mi) is 
conjugate to H. Replacing (M, A) with a conjugate of (M, A) if necessary, we can assume 
that c\{Mi) = H. We have 

dim(H) = dim(cA(Mi)) < dim(Mi) < dim(M). 

By symmetry, dim(M) < dim(iL), so 

dim(iL) = dim(cA(Mi)) = dim(Mi) = dim(M). 

It now follows that 

k{H) = k{cx{Mi)) < k{Mi) < k{M). 

By symmetry, k(M) < n{H), so 

k{H) = k{cx{Mi)) = k{Mi) = k{M). 

This implies that Mi = M since Mi < M, so H = cx{M). But M is G-cr, so M is conjugate 
to H. This completes the proof. □ 

The next result follows immediately from Lemmas 15.41 and 15.61 

Corollary 5.7. The relation ■< is a partial order on C(G)cr- 

Remark 5.8. The proof of Lemma [5.61 shows that if H and M are G-cr subgroups of G and 
G ■ H G ■ M then either dim(M) < dim(M), or dim(iL) = dim(M) and k{H) < k{M). It 
follows that C(G)cr satishes the descending chain condition with respect to P- 

Given a reductive subgroup H of G, set S{H) = {g G G^ \ TTcig) ^ 

Theorem 14.51 implies that S{H) is closed. 

Lemma 5.9. Let g G G^ and let H < G be reductive. Then g G S{H) if and only if 
G ■ Q{g) <G ■ H if and only ifV{Q{g)) ■< V{H). 

Proof. We prove the hrst equivalence. If g G S{H) then there exists h G such that 
7rG'(h) = 7rG'(g), so G-^(g) ^ G-H as g generates ^(g). Conversely, suppose G-^(g) ^ G-H. 
Set M = ^(g). Then V{M) ■< V{H) by Lemma [53 Choose /i G Y{G) such that H < P^ 
and Cfj,{H) is G-cr. Choose u G Y(G) such that M < P^ and Cy{M) is G-cr. Then V{H) = 
G • c^{H) and V{M) = G ■ Ci,{M). By Lemma ES, there exist K < c^{H) and A G Y{G) 
such that G • cx{K) = G • Cy{M). There exists k G such that G • CA(k) = G • Cy(g). There 
exists h G such that c^(h) = k. We have 7rG(h) = 7rG(c^(h)) = 7rG'(k) = 7rG'(cA(k)) = 
T^G{cy{g)) = 7rG(g), so g G S'(M), as required. 

The second equivalence follows from Lemma [5.21 □ 

To prove our results in Section E we need to investigate the behaviour of the relation ^ 
under held extensions. We assume for the rest of the section that A^>0-|-1. Fix a G-cr 
subgroup M of G such that N > n.{H) + 1. 

Definition 5.10. Dehne = {n G R | T>{G^) = G ■ H}. 

11 













Let V e V. For all g G , we have ^(g) < Gy, and so V{Q{g)) ^ V{Gy). Moreover, 
since > 0 + 1 > K{Gy) + 1 > K{Gy/RuiGy)) + 1, there exists g' G G^ snch that 
aG„(^(gO) = Gy/Ru{Gy) by Proposition 14.31 so V{Q{g')) = V{Gy). Lemma 15^ now implies 
that V{Gy) ■< G-H if and only if V{Q{g)) ■< T>{H) for all g G G^ if and only if 7rG(g) G S{H) 
for all g G G^, where the last eqnivalence follows from Lemma 15.91 This is the case if and 
only if the following formnla holds: 

(5.11) (Vg G Gf) (3h G H^) 7rG(h) = 7rG(g). 

Conversely, G ■ H ^ R{Gy) if and only if there exist Mi < Gy and A G Y{G) snch that 
Ml < P\ and ca(Mi) is conjngate to H fLemma 15.3p . This is the case if and only if the 
following formnla holds: 

(5.12) (3g G Gf) (3^7 G G) 7rG(g) = ^7 ■ ho, 

where ho is a hxed element of snch that ^(ho) = H. For, given g G G^ and g & G snch 
that 7rG(g) = 5 ^ • ho, we set Mi = ^(g); conversely, given Mi < Gy and A G F"(G) snch that 
Ml < P\ and g E G snch that c\{Mi) = gHg~^, we choose g G Mf^ snch that CA(g) = 5 ^ ■ ho. 
We snmmarise the above argnment as follows. 

Lemma 5.13. Let H be a G-cr subgroup of G such that N > k{H) + 1. Then Bh Y V 
is the set of solutions to the formulas Eqn. h5.11\) and Eqn. 15. In particular, Bh is 
constructible. 

Remark 5.14. It can be shown that Lemma [5.131 holds for arbitrary k, where we take h to 
be a generic tnple for H in the sense of [31 Defn. 5.4]. To do this, one replaces generating 
tnples with generic tnples in the dehnition of ^ and makes the obvions modihcations to the 
argnments of this section. 


6. Proof of Theorem 11.41 


We assnme thronghont the section that iV > 0 + 1. 


Proof of Theorem l.f. We will show that there is a G-cr snbgronp if of G snch that N > 
k{H) + 1 and Bh has nonempty interior. By Lemma 15.131 and Remark 15.141 it is enongh 
to prove this after extending the gronnd held to an nnconntable algebraically closed held 12 
(recall from the proof of Lemma [4.11 that any G(12)-cr snbgronp of G(12) is G(12)-conjngate 
to a fc-dehned G-cr snbgronp). Thns we can assnme withont loss that k is nnconntable (and 
hence solid). 

Let Di,..., Dthe the irredncible components of G snch that r]{G ■ Dj) = R for 1 < j < t — 
it follows from Lemma IT.lf bl below that there is at least one snch component—and let 
be the other irredncible components of G. Let V = V\\J^-^r]{G ■ D'X For 


I < j < t, set Ej = {(n,g) G 


D, 


aG„(^(g)) = Gy/Ru{Gy)}-, note that Ej is neither 


closed nor open in general, and if (n,g) G Ej then 'D{Q{g)) = V{Gy). For any v G V, 
> 0 -|- 1 > n{<Gy) 3- 1 > n{Gy/Ru{Gy)) + 1, so by Proposition 14.31 there exists g G G^ 
snch that aG„(^(g)) = Gy/Ru{Gy). Then (v,g) G Dj for some 1 < j < t, so (n,g) G Ej. 
Hence [Ji<j<tl(^ ' ^ permntes the irredncible components of V transitively, 

p(G ■ Eyn) is dense in V for some 1 < m < f. 

Choose G-cr snbgronps Hi snch that R := {Hi | z G /} is a set of representatives for 
the conjngacy classes in C{G)cr', by Lemma iTTl / is conntable. Let A = [Hi \ G ■ Dm Y 
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0 ^{S{Hi))}. Then G G A, so A is nonempty. By Remark 15.81 we can pick AT G A such 
that H is minimal with respect to We claim that G ■ Dj O (j)~^[S{H)) for all 
To prove this, let (n, g) G Dj such that v G r]{Em). There exists g' G such that 
{v,g') G E„,. Then (n,g') G 0"^(S'(iA)), so g' G S{H). Now ^(g) < Gy, so 'P(^(g)) ^ 
E>{Gy) = 'D{Q{g')) :< G ■ E[ hy Lemma Hence (n, g) G (j)~^{S{E[)) by Lemma As 
S{H) is G-stable, it now follows that if {v, g) G Dj and v G ri{G-Em) then {v, g) G (j)~^{S{H)). 
But ri~^{ri{G ■ Em)) H Dj is dense in Dj as r]{G ■ Em) is dense in V, so Dj C (j)~^(S{H)). 
As S{H) is G-stable, G ■ Dj C (j)~^[S{H)), as claimed. It follows from Lemma 15.91 that 
D{Q{g)) :< G ■ H for all 1 < j < f and all {v, g) G G ■ Dj. In particular, for any v G V, there 
exist j and g' G G^ such that {v, g') G Ej, so D{Gy) = D(g') :< G ■ H. 

To finish, we show that Bh has nonempty interior in V. Suppose otherwise. As Bh is 
constructible fLemma 15.13p . Bh is a proper closed subset of V, so V\Bh is a G-stable subset 
with nonempty interior. Now ri{(j)~^{S{H)) is dense in V as it contains ri{G ■ Dm)- Hence 
there is a nonempty open G-stable subset O of {S{H))) nV such that R^nO is empty. 

Let V E O and let g G G^ such that (n, g) G Dm- Then V{Q{g)) ■< V{Gy) :< G ■ H] but 
V ^ Bh, so V{Gy) G ■ H, and it follows from Corollary 15.71 that V{Q{g)) -< G ■ H. Hence 
^(^(g)) = G ■ Hi for some i E I such that G ■ Hi -< G ■ H. Lemma 15.91 now implies that 
ri~^{0)r\Dm C Uie/' where I' := {i E I \ G-Hi -< G-H}. By Corollary 12.61 there 

exists i E I' such that fl Dm ^ (j)~^{S{Hi)). Since ?7“^(0) fl Dm is a nonempty open 

subset of Dm and (j)~^{S{Hi)) is closed and G-stable, G-Dm ^ (l)~^{S{Hi)). But G-Hi -< G-H, 
which contradicts the minimality of H. We conclude that Bh has nonempty interior in V 
after all. Finally, since G - H = D{Gy) for some v E V, we have k{H) < k(G„) < 0, so 
N > k{H) -|- 1. This completes the proof. □ 

Proof of Corollaries \1.^ and \l.(A We can assume O is G-stable. By Theorem 11.41 there is a 
nonempty open G-stable subset O' of V and a G-cr subgroup H of G such that T>{Gy) = G-H 
for all V G O'. Now O fl O' is a nonempty open G-stable subset of V, and for all n G O fl O', 
T>{Gy) = G - H. Since Gy is G-cr for n G O fl O', Gy is conjugate to H. It follows that V 
has a principal stabiliser. 

In particular, the hypotheses of Corollary 11.51 are satisfied if char(/c) = 0 and Vj-ed is 
nonempty, since then lAed is open by Theorem 1 1.1 1 and for all v E lAed, Gy —being reductive— 
is G-cr. This proves Corollary 11.61 □ 

Remark 6.1. Here is a generalisation of Corollary 11.61 If char(/c) = 0 and O is as in The¬ 
orem [HT] then G ■ My = D{Gy) = G - H for all v E O, where My is any Levi subgroup of 


7. Irreducible components of the stabiliser variety 

In this section we study the irreducible components of the stabiliser variety G. We use the 
information we obtain to prove results analogous to those in Section E], but for the subgroups 
G° rather than the subgroups Gy. We assume throughout the section that N > 3. 

Lemma 7.1. (a) Let D he an irreducible component of G such that r]{G - D) is dense in 
V. Then dim(Zl) = n + Nr and for all v eVq, the fibre (t) either is empty or has 

dimension Nr and is isomorphic (via cf) to a union of irreducible components of G(f. 

(b) There is a unique closed subset G of G such that G contains V x {1}, G is a union 
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of irreducible components of C and G permutes these irreducible components transitively. 
The variety C is the closure of the set {(v,g) | v G Vo,g G and each irreducible 

component of C has dimension n + Nr. 

Proof. Clearly it is enough to prove the result when G is connected and V is irreducible, so 
we assume this. 

(a) Dehne f: V x G^ ^ V x by 

/(n,g) = {v,gi-v,...,gN -v). 

Let Y be the closure of the image of /. Let A be the diagonal in C x then G = f~^{A). 
The variety Y is irreducible because G and V are irreducible. Let v G V and let g G G^ . 
Then f~^{v,gi ■ v,..., gjsf ■ v) = {n} x giGy,... ^gj^Gy. Hence irreducible components of 
generic hbres of / over Y have dimension Nr. It follows that dim(y) = dim(I/ x G^) — Nr = 
n + Adim(G) — Nr = n + A(dim(G) — r). Since g{D) is dense in V, f{D) is dense in A. 
Hence dim(Zi)) > dim(A) + Nr = n + Nr. 

If n G r]{D)P\VQ and Z is an irreducible component of (n) then dim(Z) > dim(Zi)) — 

dim(H) > npNr — n = Nr. But 0(r7“^(n)) is a subset of Gy and the irreducible components 
of Gy all have dimension dim(G^) = Nr. This forces Z to be isomorphic (via 0) to an 
irreducible component of Gff. Hence irreducible components of generic hbres of have 
dimension Nr, which implies that dim(Zi)) = n + Nr. Part (a) now follows. 

(b) Since H x {1} is irreducible, there is some irreducible component G oi G such that 

G contains V x {!}. For any n G Vq, let Z be an irreducible component of the hbre 
{v\c) ('^) 1) ^ (^)’ dim(Z) = Nr, so Z is isomorphic via 0 to an 

irreducible component of Gy . But the only component of Gy that contains 1 is {Gy)^, so 
{n} X (Gy)^ C Z. Hence G contains the closure of {(n,g) | n G Vo,g G — call this 

closure G'. 

Let Hi, ..., Am be the irreducible components of G' such that ri{Aj) = V (there is at least 
one, since glG') = V). Let Sj = dim(Hj) for 1 < i < m and let rji: Ai V he the restriction 
of g. There is a nonempty open subset U of V such that for all v E U, g~^{v) C Hi U - • -UHm 
and every irreducible component of has dimension Sj — n. Since {n} x (G°)'^ C G' 

for all V E Vq, if V E U AVq then gj^iy) must contain {n} x (G°)^ for some f < j < m, 

which forces Sj > n + Nr. But dim(G) = n + Nr by part (a), so Aj must be the whole of 
G, so G' = G. This completes the proof. □ 

Remark 7.2. The dimension inequality in Lemma f7.H ai can fail if g{G ■ D) is not dense in 
V lExample 18.21) . Moreover, G need not contain the whole of {(n,g) | n G V, g G (G®)-^}: 
see Examples 18. If a) and 18.21 

Remark 7.3. If G is connected and V is irreducible then G is irreducible and G-stable. More 
generally, any irreducible component of G is G-stable in this case. 

Definition 7.4. We call G the connected-stabiliser variety of V. 

Corollary 7.5. If r = 0 then G = V x {!}. 

Proof. The irreducible components of H x {1} are isomorphic via g to the irreducible compo¬ 
nents of V, so they are permuted transitively by G and each has dimension n. It follows from 
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the dimension formula in Lemma IT.lf al that these irreducible components are irreducible 
components of C. The result now follows from Lemma [7.1lf bL □ 

We denote by 0: C —?• and rj\ C ^ V the restrictions to (7 of 0 and rj, respectively, 
and if u G Id then we denote (j){rj~^{v)) by F^. If u G Vq then {G^)^ C we do not know 
whether equality holds for all u G Vq, or even for generic u G Vq. 

We now give a counterpart to Theorem 11.41 In the connected case, we obtain slightly 
more information: we can describe for all v G Wiin (recall the dehnition of Wiin from 

Remark 13.51) . 

Theorem 7.6. There exists a connected G-completely reducible subgroup H of G such that: 

(a) for aUv G Knin, V{Gl) = G-H. 

(b) GCcl>-\S{H)). 

In particular, if V)ed is nonempty then VifG^) = G ■ H for all v G Id-ed- 

Proof. By Theorem 11.41 there exist a G-cr subgroup H' of G and a G-stable open subset O 
of V such that F{Gy) = G ■ H' for all v E O. Set H = then H is G-cr as H < H'. 

Let t be the minimal dimension of dim(Rti(G.y)) for v eVq. The G-stable open sets O and 
Vmin have nonempty intersection, so there exists v G Wiin H O such that 'P(G.y) = G ■ H' and 
dim(R„(G.„)) = t. This yields dim(iL') = dim(G^) — dim(R„(G^)) = r — t. 

By the proof of Theorem 11.41 G C cl)~^{S{H')). Let v G 14iin and choose A G Y{G) such 
that 'D(Gy) = cx{Gy). Then ca(G^) is G-cr and ca(G°) = ca(Gi,)° is a normal subgroup of 
ca(G^), so ca(G°) is G-cr. It follows that T’(G°) = G • ca(G°). We want to prove that ca(G°) 
is conjugate to H\ that is, we want to prove that 

(7.7) (3m G G) [(V^f G G°) ca(5') G mHm~^ A (Vh G H) {3g G G°) c\{g) = mhm~^]. 

Since (17.7p is a first-order formula, this is a constructible condition. Hence it is enough to 
prove that it holds after extending k to any larger algebraically closed held. So without loss 
of generality we assume k is solid. 

By Proposition 14.31 we can choose g' G (G°)^ such that aGg(^(gO) = G'2/-R«(G'2)- There 
exists h G {H')^ such that 7rG(h) = 7rG(g')- Let K = ^(h). Now CA(^(g')) = ca(G°) is G-cr, 
so there exists p. G Y{G) such that c^(h) is conjugate to CA(g')- Then CA(^(g')) is conjugate 
to c^{Q{h)). But dim(cA(^(g'))) = dim(cA(G°)) = dim(iL) > dim(iL) > dim(c^(iL)) = 
dim(c^(^(h))), which forces dim(iL) to equal dim(iL). Hence K ^ H. Now Cn{K) is 
conjugate to ca(G°), which is connected, so c^{K) = But is conjugate to H 

since H is G-cr, so we deduce that ca(G°) is conjugate to H. Hence T’(G°) = G ■ H. This 
proves part (a). Moreover, if g G (G°)^ then CA(^(g)) = ^(cA(g)) is conjugate to a subgroup 
of H, so there exists h G such that cx{g) is conjugate to h; hence (u, g) G 
As {(u,g) I V G 14iin,g e (G°)^} is dense in G by Lemma I7.1f b) and Remark 13.51 G C 
4>~^{S{H)). This proves part (b). □ 

The next result is the counterpart to Corollaries 11.51 and 11.61 We omit the proof, which is 
similar. 

Corollary 7.8. Suppose there is a nonempty open subset O of V such that G° is G-cr for 
ally E O (in particular, this condition holds z/char(fc) = 0 and Vj-ed is nonempty)). Let H be 
the connected G-cr subgroup from Theorem\7.6\ Then G° is conjugate to H for all v E Ked- 
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Remark 7.9. Suppose there exists u G Vb such that is G-ir. Then is G-cr, so u G 77ed, 
so i/red is nonempty. We have T>(G°) = G-H by Theorem 17.bf ah As G° is G-cr, G-G° = G-H. 
It follows that H is G-ir and G° is conjugate to H for all w G I^ed; in particular, G° is G-ir 
for all w G Ked- The analogous result for the full stabiliser Gy is false (cf. Remarks 17.131 
and I4.6f ii). and Examples 18.11 c) and 18.2p . However, if O is as in Theorem 11.41 and there 
exists u G O such that Gy is G-ir then an argument like the one above shows that V has a 
G-ir principal stabiliser. 

Theorem 17.61 gives rise to the following counterpart to Remark 16.11 for G°; the proof is 
similar. 


Corollary 7.10. Suppose char(A;) = 0. Then H is conjugate to a Levi subgroup of G^ for 

all V G Vjnin- 

We give a criterion to ensure that the hbres of rj are irreducible. Dehne Gmin = 7~HTmin)- 
Proposition 7.11. Suppose char(fc) = 0 and > 0 -|- 1. Then Gmin = I v G 

ldnin,gG (G2)^}. 

Proof. Let H be as in Theorem 17.61 Let v G Wiin, and suppose Fy properly contains (G°)^. 
Then Fy contains an irreducible component D ^ (G°)^ of G^ by Lemma I7.1f a). Set 
K = Gy., set M = K/Ru{K) and let ax'- TL —)■ M be the canonical projection. Let Ki be 
the subgroup of K generated by together with the components of each of the tuples in 
D; then Ki properly contains K^. As Ru{Gy) is connected. Mi := axiKi) properly contains 
M^. In particular. Mi is reductive. By [T2[ Lem. 9.2], there exists g E D such that axis) 
generates Mi. Hence G ■ Ki :< G ■ Q{g). Now g G G, so G ■ ^(g) ^ G ■ M fTheorem 17. 6f bH. 
It follows from Lemma 15.41 that G ■ Ki :< G ■ H. 

We have G ■ H = V{K^) by choice of v and Theorem 17.61 so G ■ H ^ G ■ by Lemma 15^ 
Now G ■ :< G ■ Ki as < A'l, so G • 77 ^ G ■ 7Li by Lemma 15.41 It follows from 

Lemmas 15.21 and 15.61 that G ■ H = V{Ki). Now T>{Ki) = G ■ Mi as Mi is reductive and 
char(/c) = 0, so G • 77 = G ■ Mi. But this is impossible as 77 is connected and Mi is not. We 
conclude that Fy = (G°)^ after all. The result now follows. □ 

We have seen that we obtain stronger results if we know that generic stabilisers (or their 
identity components) are G-cr. Reductive subgroups are always G-cr in characteristic 0, but 
things are more complicated in positive characteristic. Our next result shows that if this 
G-complete reducibility condition fails for connected stabilisers then it fails badly: we prove 
that if there exists v eVq such that G° is reductive but not G-cr then generic elements of V 
have the same property. 


Proposition 7.12. Let 77 be as in Theorem \7.(^ Let 

^'h = £ Wiin I G^ is not G-cr}. 

If B'jj is nonempty then B'^ has nonempty interior. 


Proof. Note that T’(G°) = G-H for all v G B'^, by Theorem 17.61 The argument below shows 
that B'^ = Wiin n (U)), where U is the open set dehned below, so B'^ is constructible. 
It follows as in the proof of Theorem 17.61 that we can extend the ground held /c; hence we 
can assume k is solid. 
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Suppose is nonempty. Let v E B'^. We can choose g E (G^)^ such that aGo(^(g)) = 
G^/Ru{G^) (Proposition I4.3|l and such that 1 ^ qn E RuiG^) if G^ is non-reductive. This 
ensures that ^(g) is not G-cr. As H is G-cr and T’(G°) = G ■ H, there exists X eY (G) such 
that G° < Pa and ca(G°) is conjugate to H. Then CA(^(g)) = ca(G°) is conjugate to H, 
so dim(Gg) = dim(GG(^(g))) < dim(GG'(P)), since ^(g) is not conjugate to H (as ^(g) is 
not G-cr). Consider G^ regarded as a G-variety. Let U be the set of all m E G^ such that 
dim(Gm) < dim(GG(P)); then U is an open neighborhood U of g, by Lemma [2.11 

Let E = {(tn,g) E G n0“^(P) fl rj~^(V m\rX \ g G (G°)^}. By Lemma ITTU bL E is dense 
in G, so rj{E) is dense in V. To complete the proof, it is enough to show that rj{E) C 
for then B'^j, being constructible and dense, has nonempty interior. So let w G 7j{E). Pick 
m such that (w, m) G E. Then m G (G°)^ fl U, so dim(GG(ni)) < dim(GG(P)), so 
dim(GG(G°)) < dim(GG(P)) also. It follows by running the argument above for G° in 
reverse that G° is not G-cr. Hence w G B'^^, as required. □ 

Remark 7.13. A similar argument establishes the following. Let El be as in Theorem 11.41 If 
there exists (u, g) E G such that v E Vq, V(Gy) = G ■ H and G^ is not G-cr then there is an 
open neighbourhood U of (u, g) G G such that for all {w, g') G U, G^ is not G-cr. But this 
does not yield an analogue of Proposition 17.121 for Gy (see Example IS.lf bH— the problem is 
that r]{U) need not be dense in V. 


8. Examples 

In this section we present some examples that show the limits of our results and illustrate 
some of the phenomena that can occur. We assume A^ > 0 -|- 1. 

Example 8.1. We consider a special case of the set-up from the proof of Theorem 11.31 Let 
G = PGL 2 (A;), let M < G and let V be the quasi-projective variety G/M with G acting by 
left multiplication. We assume that M n gMg~^ = 1 for generic g E G (this will hold in all 
the cases we consider). Then Gy, = 1 for generic w eV, so the subset H from Theorem 11.41 
is 1, and G = V x {1} by Corollary 17.51 In particular, Ey, = {1} for all w E V. Let 
v = M E G/M-, then Gy = M. 

(a) Let M be a maximal torus of G. Then Ey is properly contained in , so we see that 
Ey need not contain all of (G°)^ when v ^ Vq (cf. Remark 17^ . The subset Bh is dense but 
not closed in V, as V{Gy) = G • M. 

(b) Let M = {x), where a: G G is a nontrivial unipotent element. Then V = Vo = Vj-ed 
and Gy, is unipotent for all w E V, so V{Gy) = {1} for sW w E V (where 1 denotes the 
trivial subgroup). Now Gy, = 1 is G-cr for generic w E V but Gy is not G-cr. Hence the 
set {w G Ked I TX{Gy,) = G ■ H and Gy is not G-cr} is nonempty but not dense in V (cf. 
Remark 17.13p . The irreducible components of G apart from G do not dominate V. 

(c) Let M = PGL 2 (q'), where g is a power of the characteristic p. We have V = Vq = Id-ed- 
Now M is G-ir, so the set {w G Ked I Gy, is G-ir} is nonempty but not dense in V. Moreover, 
the set O from Theorem 11.41 does not contain the whole of Id-ed- 

Example 8.2. Suppose G is connected and not a torus. Let m eN and let V be the variety 
of m-tuples of unipotent elements of G, with G acting on V by simultaneous conjugation. We 
claim that {(1,..., 1)} x G^ is an irreducible component of G. For let D be an irreducible 
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component of C such that {(1,..., 1)} x C D. Consider the element (1,..., 1, g) G -D, 
where the components of g G are all regular semisimple elements of G. There is an 
open neighborhood O of g in G^ consisting of tuples of regular semisimple elements. If 
(ui,... ,Vm,s') G then each component of g' is a regular semisimple element of g 

centralising the unipotent elements Vi,... ,Vm of G. But this forces Vi,... ,Vm to be 1. It 
follows that D = {(1,..., 1)} X G^, as claimed. Hence ri{D) = {(1,..., 1)} and ri{D) fl Vq is 
empty (note also that if m is large enough then the dimension inequality from Lemma mJ al 
is violated). We see that the set {w eV \ is G-ir} is nonempty but not dense in V. 

It is not hard to show that ^ {f? ■ g | g G U^}, where f/ is a maximal unipotent 

subgroup of G; in particular, we see as in Example 18.H al that need not contain all of 
{G^)^ when v ^ Vq. Moreover, since the centraliser of a nontrivial unipotent subgroup of 
a connected group can never be reductive, the only reductive stabiliser is so Id-ed is 

empty. 

Example 8.3. Let X be an affine variety and let M be a reductive linear algebraic group. 
Suppose we are given a morphism f:XxM^XxGoi the form f{x,m) = {x, fx{m)), 
and suppose further that each fx'- M —)■ G is a homomorphism of algebraic groups. Set 
Kx = im{fx). Dehne actions of G and M on X x G hj g ■ {x, g') = (a:, gg') and m ■ {x, g') = 
{x, g'fx{m)~^). These actions commute with each other, so we get an action of G on the 
quotient space V := {X x G)/M. 

Now suppose moreover that dim(iLj,) is independent of x. Then the M-orbits on X x G 
all have the same dimension, so they are all closed. This means the canonical projection 
(p from X X G to H is a geometric quotient, so its hbres are precisely the M-orbits [131 
Cor. 3.5.3]. A straightforward calculation shows that for any {x^g) G X x G, the stabiliser 
Gif,(x,g) is precisely gKxg~^. It follows that if X is inhnite and the subgroups Kx are pairwise 
non-conjugate as x runs over the elements of a dense subset of X then V has no principal 
stabiliser. 

Here is a simple example. Let G = SL 2 (A:), let X = k and let M = Gp x Gp = ( 71,72 | 
7i = 72 = [ 71 ) 72 ] = !)• Dehne /:XxM—)-XxGby f{x,m) = {x,fx{m)), where 

fxi'yT^'yT^) ^ q it is easily checked that / has the desired properties, 

so V := (X X M)/G has no principal stabiliser. Note also that generic stabilisers are 
nontrivial hnite unipotent groups, but the element v = 93 ( 0 ,1) has trivial stabiliser. 

Here is an example where the stabilisers are connected. Daniel Lond [TOl Sec. 6.5] produced 
a family, parametrised by X := fc, of homomorphisms from M := SL 2 (fc) to G := H 4 
in characteristic 2 with pairwise non-conjugate images. Using this one can construct a 
morphism / :XxM—)-XxG with the desired properties, giving rise to a G-variety V : = 
(X X M)/G having no principal stabiliser and with all stabilisers connected and reductive. 
Results of David Stewart give rise to a similar construction for G = T 4 in characteristic 2 
[261 Sec. 5.4.3]. 

Example 8.4. We now give an example where there is a point with trivial stabiliser but 
generic stabilisers are hnite and linearly reductive, using another special case of the set-up 
from the proof of Theorem 11.31 We describe a recipe for producing such examples, given 
in [U Cor. 3.10]. Take a simple algebraic group G of rank s in characteristic not 2 and set 
M = Gg'(t), where r is an involution that inverts a maximal torus of G. Then the affine 
variety G/M, with M acting by left multiplication, has precisely one orbit that consists of 
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points with trivial stabiliser. Let V = G/M x G/M with the product action of G. Then 
generic stabilisers of points in V are 2-groups of order 2^, but V contains points with trivial 
stabiliser. Thus V = Vq = Id-ed and G = V x {1}. Since 2-groups are linearly reductive— 
and hence G-cr—in characteristic not 2, the G-cr subgroup H from Theorem 11.41 must be a 
2-group of order 2'^, and moreover, iL is a principal stabiliser for V by Corollary 11.51 The 
set {v G Ked I T^{Gv) = G • H} does not contain the whole of Id-ed (cf. Theorem 17.6p . 

We claim that there is at least one irreducible component D oi G such that ri{D) = V 
but rjlD) 7 ^ V. Let Di,... ,Dt be the irreducible components of V apart from G. Then 
Ui=i vi^i) = so ri{Dj) is dense in V for some 1 < j < L There are only hnitely many 
conjugacy classes of nontrivial elements of G of order dividing 2®, and each such conjugacy 
class is closed because in characteristic not 2, elements of order a power of 2 are semisimple. 
Hence there are regular functions /i,..., : G —)■ k for some m such that for all g E G, 

g is & nontrivial element of order dividing 2® if and only if fi{g) = ■■■ = fm{g) = 0. For 
1 < / < let Zi be the closed subset {(r>, gi,... ,Jn) e G | fi{gi) = ■■■ = fm{gi) = 0} of G 
and let Z = Zi U ■ ■ ■ U If (n, g) G Dj\{Dj fl G) then g 7 ^ 1, so some component of g is 
a nontrivial element of G of order dividing 2®, so (n,g) G Z. Hence the open dense subset 
Dj\{Dj nG) of Dj is contained in Z, and it follows that Dj C Z. This implies that ifvEV 
and G^ = 1 then v ^ v{Dj)- 
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